Abstract. We describe NLTOOLBOX, a library of data structures and algorithms for reachability computation of nonlinear dynamical systems. It provides the users with an easy way to "program" their own analysis procedures or to solve other problems beyond verification. We illustrate the use of the library for the analysis of a biological model.
Introduction
Reachability analysis is a fundamental problem in model checking, program analysis, controller synthesis. This problem was initially motivated by the interest in extending model checking to hybrid systems (comprising both discrete and continuous dynamics). In addition, the behaviors of these systems are often non-deterministic due to various uncertainties which could be inherent or epistemic (such as unknown initial conditions, parameter values, multiple mode switchings). Reachability analysis involves computing the set of all possible trajectories under such uncertainties. There are numerous tools for reachable set computation, such as Checkmate [5] . Compared to the scalability of the existing techniques on linear systems, their scalability on nonlinear systems is much lower, not only because of their inherently higher complexity, but also because they often require sophisticated fine tuning of computation parameters (such as time steps, error tolerance), choice of set representations and exploration strategies. An automatic fine tuning can hardly be efficient for all types of systems, since it cannot include a-priori knowledge that the user possesses and a-posterior knowledge that he could gain from the analysis. It is thus important to provide the user with a possibility of "programming" the analysis process so that he can easily readjust the computation parameters or include exploration intention. For this reason, NLTOOLBOX 1 was designed as a C + + library providing an algorithmic infrastructure for reachability computation with which the user can write a simple C ++ program to develop and explore different exploration strategies or to solve specific analysis problems. Two major functionalities of the library are: reachability analysis of polynomial systems (using the Bernstein expansion technique) and reachability analysis of general nonlinear systems (using hybridization). The latter can be applied directly to continuoustime systems while the former only to discrete-time systems and thus its use for continuous-time systems requires a system time-discretization. The rest of the paper is organized as follows. We first present the main data structures and algorithms and then illustrate the use of the library on a biological model.
Data Structures and Reachability Algorithms
Polytopes defined by constraints are the main set representation, which contains additional constructors for template polyhedra, hyper-rectangles and hyperoctagons. The library contains a number of set operations needed by reachability analysis, such as inclusion test, affine transformation, set splitting (used for refinement). In the following, we describe only two main reachability algorithms: one is based on hybridization [3] and the other on the Bernstein expansion [4] . The library also includes an algorithm specialized for multi-affine systems [14] .
Reachability Algorithm Using the Bernstein Expansion. This algorithm computes the reachable set (represented by template polyhedra) of a discretetime polynomial systems x[k + 1] = π (x[k] ) from an initial polyhedron P ⊂ R n . To handle continuous-time systems, the library offers a number of discretization methods. For a given template matrix T , we need to find a vector b such that the image π(P ) is included in the template polyhedron defined by T x ≤ b. To determine b, we formulate an polynomial optimization problems and replace it by a linear program (which can be solved more efficiently) by using affine bound functions. To compute affine bound functions for polynomials, the Bernstein expansion can be used. Indeed, an n-variate polynomial can be represented in the Bernstein basis functions and the coefficients of this representation allow capturing geometric properties of the polynomial and thus obtaining accurate function approximations. However, the Bernstein expansion is valid only inside the unit box [0, 1] n , and to address this problem, we use two methods: (1) oriented-box approximation and (2) rewriting the polynomial using a change of variables. Furthermore, two methods for handling templates are used: the template can be static (the polyhedra share the same constant matrix T ) or dynamic (the matrix T evolves according to a local approximation of the dynamics).
Reachability Algorithm Using Hybridization. The main idea of hybridization is to approximate a nonlinear systemẋ = f (x) by a piecewise affine one. We compute an approximation domain (that contains the current reachable set) and an approximate vector field for that domain. When the system leaves the current approximation domain, a new domain is created. Our hybridization algorithm uses simplicial domains and piecewise affine approximate vector fields, which is motivated by many available methods for piecewise affine systems (see for instance [1, 5, 11, 10, 9] ). In addition, we exploit the curvature of the vector field f to determine large domains with good error bound. To handle resulting piecewise affine systems, the library includes a basic reachability algorithm [1] .
